Abstract. A normal quasi-affine surface over an algebraically closed field of characteristic zero which has a Ga -action is shown to have a geometric quotient if and only if the action is without fixed points. If the surface is factorial affine, and the action without fixed points, the surface is the product of a curve and Ga.
necessary condition is also sufficient (Theorem 2). It is known that the condition is insufficient if X has dimension three [3, Example 1, p. 727]. We show further that if X is affine and factorial then there is a curve C in X such that Ga X C -s-X by (t, c) -» tc is a Ga-equivariant isomorphism (Theorem 3). We recall that the action of Ga on X is locally trivial if X ->• X/ Ga is a locally trivial principal Ga -bundle over X/Ga and that the action is proper if GtX/Y-»/Y X X by (t, x) -» (tx, x) is a proper morphism. It is known that a proper action is locally trivial [3, Proposition 6, p. 725] , that a locally trivial action on a factorial affine is proper [3, Theorem 7, p. 726] and that a proper action has a separated geometric quotient [3, Theorem 4, p. 725] . We give examples to show that a locally trivial action on a nonsingular affine surface need not be proper or have a separated quotient (Example 1) and that an action on a nonsingular affine surface may have an affine quotient but need not be proper, or even locally trivial (Example 2). These examples also yield a nonnormal affine threefold Y with (7a-action such that Y/Ga exists and is affine and such that there is a closed subvariety F of F such that V -> Y/ Ga is an isomorphism, but the bijection Ga X V -> Y by (t, v) -» tv is not an isomorphism.
Notations and conventions. Throughout, k denotes an algebraically closed field of characteristic zero.
A prevariety X over k is a reduced irreducible algebraic ^-scheme, which we identify with its set of closed points with the Zariski topology. We let k [X] denote T(X, Ox). A surface is a prevariety of dimension two. A variety is a separated prevariety.
Let X be a prevariety with Ga-action and let / be in k [X] . There exist f0, ... ,/" in k[X] such that/(fx) = 2?_0/-Wf'' for all x in X and f in Ga. If /" ¥= 0, let ord(/) = n. If /, g are in k[X] then ord(/g) = ord(f) + ord(g), and ord(/) = 0 if and only if / is invariant. Since Ox = x for all x in X, fQ = f. Since f((x + t)x) = f(s(tx)) for x, f in C7a and x in X, it follows that fj(tx) = S?./,)/,^)*'-', so ord^) = n-j. We will see below that W/Ga need not be separated, even in the case that W is an affine surface. For factorial affine surfaces, a much stronger result then Theorem 2 holds:
Theorem 3. Let W be a factorial affine surface with a fixed point free Ga-action. Then W/Ga is affine and there is a Ga-equivariant isomorphism GaX W/Ga-*W.
Proof. As is well known, &[rFr]G° is a factorial ring. Choose /in k [W] such that ord(f) = 1 and /, has a minimal number of prime factors (count all prime factors, not just distinct ones). There must be an irreducible factor g of /with ord(g) = 1. Then/= ag where ord(a) = 0, so/, = (ag)x = a(gx). By choice off, a has no prime factors, so a is a unit and /is irreducible. We note that this argument shows that if ord(h) = 1 and hx = fx then h is irreducible. Let C be a nonempty component of /," '(0). Then C must be a G^-orbit, and /|C is invariant, so /|C is constant, say f\C = X. Let h = f -X. Then ord(A) = 1 and A, = /, so h is irreducible, and h\C = 0 so C E h~x(0). Since W is factorial, /i_1(0) is irreducible and C = h~\0). It follows that the ideal /c[FF]/i is Ga-stable and hence contains a nonzero invariant divisible by h. Since ord(/i) = 1, this is a contradiction. Thus/,-1(0) is empty and/, is a unit.
Replace/by ///,. Then ord(/) = 1 and/, = 1. Let W0 = f~\0). As in [3, Lemma 5, p . 724] it follows that Ga x W0 -» W by (r, x) -> tx is an isomorphism, and W/Ga = W0 is affine.
The following examples illustrate the limitations of the above results, as well as those of [3] . The examples are all related, and as we introduce notations we will retain them. Some computations will be only outlined, or even omitted.
We begin by considering the action of Ga on k(3) given by y • (x,, x2, x3) = (xx, x2 + yx,, x3 + (2x2 + l)y + x,y2). Let W in k(3) be the zeros of <p = x,x3 -x\ -x2. It is clear that d> is irreducible so that W is an affine surface. The partials of <f> have (0, -\, 0) as their only common zero, which is outside W, so W is nonsingular. Also, W is Ga-stable. We use a, b, c for the coordinates on W which are the restrictions of x,, x2, x3 respectively. W meets the plane x, = X for X i= 0 in the parabola x3 = X ~~ '(x| + Xj) and the plane x, = 0 in the pair of lines /,: x, = x2 = 0 and l2: x, = 0, x2 = -1. (We show below that these curves are orbits.) Also, W contains the lines L, : Finally, we consider the subvariety X of IF' X IF' consisting of all pairs (x, v) such that pix) = piy). X is closed in IF' X W and pr2: X -> IF' is a surjection. Ga acts on X by y • ix, y) = (yx, y), and h: Ga X W ^> X by hit, x) = {tx, x) is a Ga-equivariant bijection since p is an orbit map. Moreover, pr2: X -> W is an orbit map, so by [1, 6.6, p . 179] pr2 is a geometric quotient of X by Ga. Let F = A(0 X W). Then F is closed in X and pr2: F -> W is an isomorphism. But h is not an isomorphism: if it were, then Ga X W -» IF' X IF' by (r, x) -» (rx, x) would be a closed immersion, hence proper, so the action of Ga on IF' would be proper, contrary to Example 2. Summarizing: Example 3. There is an irreducible affine threefold X with Ga-action which has a nonsingular affine quotient, and there is a closed subset F of A' such that F->X/Ga is an isomorphism, but GaxF^>X is not an isomorphism.
